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a universal large-color limit. These could describe gravitational strings if 
the matrix-model coupling is fixed to unity, for exact electric-magnetic self- 
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1 Internet address: siegel@insti.physics.sunysb.edu. 



1. HIGGS MODELS FOR STRING THEORIES 



String theory originated from dual models. This type of duality occurs in any rela- 
tivistic theory that has (complete) Regge behavior (analyticity in angular-momentum 
space) at the tree level [1]. "Trees" are defined as graphs that have only poles in mo- 
mentum space, and not cuts. They can therefore be used to define a local lagrangian, 
from which loops follow in the usual way. Such a string field theory lagrangian has 
an infinite number of (particle) fields. 

Regge behavior is physically the property that all physical states act as bound 
states [2]. We can therefore consider, instead of a string field theory with an infinite 
number of fields, a particle field theory with a finite number of fields, from which 
the physical states arise as bound states. In particular, a hadronic string theory is 
expected to result from confinement in quantum chromodynamics (QCD). 

When a fundamental particle in field theory can be identified as one of the bound 
states by appearing on a Regge "trajectory", it is said to have "Reggeized". The only 
theories for which all fundamental particles in the theory are known to Reggeize are 
Higgs models where all vectors are nonabelian, all particles are massive, and certain 
restrictions are imposed on the representations of the scalars (which are satisifed in 
particular if the theory is supersymmetric) [3]. (Although Regge trajectories occur 
more generally, it often happens that only some states act as bound, while others do 
not have Regge behavior, so that Reggeization of the theory is not complete. Such 
theories are not suitable for describing strings. Also, Reggeization of massless states 
is not understood because of infrared divergences.) 

In any nonabelian theory the physical states are described by composite gauge- 
singlet fields, and for Higgs models the fundamental fields can be replaced by these 
composite fields through local field redefinitions equivalent to gauge transformation 
to the "unitary gauge". The gauge-covariant way to describe the Higgs mechanism 
is then not to say that the "gluon" has become massive, but rather that a massive 
vector has arisen as a color-singlet bound state of a gluon and scalar "quarks". This 
identification of a tree-level state in terms of a composite gauge-singlet field gives 
a natural explanation of Reggeization, since the other bound states on the Regge 
trajectory can be identified with excitations of this same composite field. 

Confinement and the Higgs mechanism can be related by electric-magnetic duality 
transformations, so a QCD-like theory with confinement can be reformulated as a 
Higgs theory whose scalars were magnetic monopoles in the original theory [4]. Such 
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duality transformations also replace the coupling constant with its inverse, so weak 
coupling in one formulation is strong coupling in the other, and the perturbation 
expansions are different. However, the coupling constant of the corresponding string 
theory is not simply related, being more like the inverse of the number of colors, so 
neither formulation seems to have preference in its relationship to strings. (Replacing 
the coupling constant of the field theory with its inverse is actually related to changing 
the sign of the cosmological term of the string.) Thus, it is possible to consider 
nonabelian Higgs models as alternatives to QCD, at least for the purpose of studying 
general features of string theories (including hadronic strings). 

One way used to study bound states is to sum an infinite subset of graphs. In 
particular, "ladder" graphs have been used in various gauge and nongauge theories 
to study Regge behavior and Reggeization [2]. Another example is summing over 
"fishnet" graphs in massive scalar field theory as an approximation for the derivation 
of the usual bosonic string as bound states, with the fishnets representing a square 
lattice for the world sheet of the string [5]. In this approach, the use of strings 
to describe the "theory of everything" cannot be called a "theory of fundamental 
strings", since these strings are treated as composite in the same way as hadronic 
strings. (This could lead to considering hadronic strings as bound states of quark- 
gluon strings, which in turn are bound states of preonic strings, which are themselves 
bound states of...) 

A more complete method is to sum all graphs, but treat a certain subset as 
the lowest order in a systematic perturbation expansion. The large-n expansion for 
group U(n) is such an approach that automatically produces a string-like perturbation 
expansion by identifying the topology of the Feynman graphs of the field theory 
with those of string theory [6]. (Similar methods may often be used for SO(n) and 
USp(2n).) This method of deriving strings as bound states was first explicitly applied 
to two-dimensional QCD [7]. More recently it has been applied to massive scalar field 
theory, as a refinement of the fishnet approach, to show that the usual bosonic string 
arises in an appropriate limit. The geometry of the scalar Feynman graphs (which are 
identified with surfaces by the large-n expansion) is equated with that of the world 
sheet on a random lattice, so summing over graphs is the same as summing over 
world-sheet metrics [8]. (The fishnet graphs are the subset of graphs corresponding 
to the conformal gauge for the metric, but ignoring ghosts.) 

In earlier papers we considered the generalization of this random lattice method 
to superstrings [9,10]. The approach taken was to start with first-quantization of the 
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superstring on a random lattice and look for a second-quantized field theory that gen- 
erated the same amplitudes. In this paper we will apply the reverse approach. Since 
the superstring has critical dimension ten, the natural candidate for such a theory is 
super Yang-Mills theory: Supersymmetry in ten dimensions requires maximum spin 
one or higher, and Yang-Mills theory, unlike supergravity, can naturally be associated 
with the group U(n) as the gauge group for arbitrarily large n. (Of course, this theory 
is not purely nonabelian because of the U(l) factor, but we will assume it is close 
enough for large n.) Super Yang-Mills theory is also a better candidate for obtaining 
a consistent string theory: In four dimensions (or less), massless Yang-Mills theory 
(probably) has confinement and massive Yang-Mills theory has Reggeization, so we 
can expect to get a theory with only bound states, while the same is not true for 
scalar theories, used to derive the bosonic string. 

Since superspace is not understood in ten dimensions, we will consider only four 
dimensions. (Even six-dimensional superspace is not understood nearly as well, al- 
though we will make brief remarks on it.) This technical difficulty can be overcome by 
using the four-dimensional superspace formalism for ten-dimensional supersymmetry, 
but we will ignore these complications for simplicity. Of course, the four-dimensional 
theory is more interesting for physical reasons. Also, confinement and Reggeization 
[3] are closely related to asymptotic freedom, and thus seem unlikely in higher di- 
mensions. (In fact, the scalar random matrix model for the bosonic string, if we 
choose four dimensions and the vertex to be four-point, describes wrong-sign <f> 4 the- 
ory, which is also asymptotically free.) We can also consider superstring theories in 
four dimensions, with extra degrees of freedom (perhaps derived from fermionization 
of six x's) to cancel the conformal anomaly. 

To allow identification of a field theory as a random matrix model for string 
theory, it must have a propagator that is simply l/(p 2 + M 2 ). This propagator is then 
approximated as M ~ 2 e~ p2 / M2 . Thus, mass is as important for random matrix models 
as it is for other methods used in studying Reggeization. This exponential factor 
arises directly from the usual (dx) 2 term in the string action S of the first-quantized 
functional integral of e s . For the present case this implies that we must use only the 
real scalar superfield V normally used to describe super Yang-Mills, but not the chiral 
scalar superfields <f> used to describe ghost and matter multiplets. Although ghosts 
can be avoided in unitary gauges, such gauges have "nonrenormalizable" propagators, 
rather than the "renormalizable" propagator l/(p 2 + M 2 ). However, Gervais and 
Neveu long ago gave a gauge with renormalizable propagators in certain (bosonic) 
Higgs models, for which the scalar and ghost contributions exactly cancel to all loops 
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[11]. The resulting theory is described completely by a vector field, with the Higgs 
scalar state appearing as the fourth, timelike polarization of this massive vector. 
Perhaps not coincidentally, they discovered this gauge from string theory. 

We will supersymmetrize this gauge and model. The main features of this theory 
are: (1) the propagator is the usual renormalizable massive propag ator l/(p 2 + M 2 ), 
(2) the theory is described completely in terms of an unconstrained hermitian matrix 
(super)field that is a scalar, (3) the three-point vertex includes a nonderivative term, 
and (4) the theory is N=2 supersymmetric. Although the bosonic Gervais-Neveu 
model shares the first feature, the first three features are necessary to obtain a random 
matrix model of a string theory. 

We also discuss the possibility of string theories with matrix models that are finite 
(conformally invariant, perhaps up to mass terms). We consider all conformal four- 
dimensional theories (N=2 theories with the right matter to cancel the f3 function, 
including the N=4 case). We find they all have the same large-n limit. Furthermore, it 
seems such a theory is required in order to describe strings with massless states (such 
as the graviton), and the existence of such states fixes the value of the matrix-model 
Yang-Mills coupling constant to be unity, corresponding to exact electric-magnetic 
self-duality. (On the other hand, our explicit supersymmetric Gervais-Neveu model 
has a nonvanishing f3 function, and so apparently describes a hadron-like string.) 

2. COMPLEX GAUGES 

Gervais and Neveu derived the Feynman rules for the massless fields resulting 
from the low-energy limit of bosonic string theory, and the corresponding rules for 
these fields when their mass has been shifted from zero. (This shift is inconsistent 
with unitarity for the string theory, but consistent for the field theory obtained by 
taking the low energy limit for the trees before unitarizing.) They then explained how 
these unusual rules, which are simpler than those usually given for these theories, can 
be derived by field theory methods, without reference to string theory. Here we will 
not repeat the string theory part of the analysis, but just give a simplified version of 
this gauge fixing. 

We first consider the case of pure massless Yang-Mills theory. (Recently this 
case has been used in describing simplified rules for QCD [12].) We start with the 
gauge-invariant lagrangian: 

L = -\F 2 , F ab = -z[V a ,V 6 ], V a = d a + iA a 
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where A is an nxn matrix describing gauge group U(n), and we use the convention 
that the action S = p- j d 4 x tr L appear as e +s in the functional integral (so this S 
is nonpositive definite). We then choose the complex gauge-fixing function 

^ = d ■ A + %A 2 

(Similar results are obtained for ^ = d ■ A — iA 2 .) By any of the usual gauge- 
fixing procedures for Fermi-Feynman gauges, this results (after some algebra) in the 
gauge-fixed lagrangian 

L A = -\F 2 - = \A ■ DA + 2iA a A b d b A a + \A a A h A a A b 

and the terms for the ghost C and antighost C 

L c = CV 2 C - iCCV 

where we have collected terms into covariant ones involving only the covariant deriva- 
tive V, and the remainder. 

To generalize to the massive case (nonabelian Higgs model), we couple to scalars 
that are in the fundamental representation of the U(n) gauge group, as well as the 
fundamental representation of a global U(n), resulting in a complex nxn matrix 
with 2n 2 real components, the same as the number of components of the ghosts plus 
antighosts. Fixing the quartic self-coupling so the masses of the scalar and vector 
will come out the same, the new terms in the gauge-invariant lagrangian are 

L^ = ^V 2 <P-lR 2 , R = $<\>-\M 2 

If we were to use the unitary gauge, we would expand about the vacuum as <f> = 
((f)' + M)/y/2 in the gauge <f>' = <j>'\ (The vacuum value of cj^cj) is proportional to the 
identity.) This is the same as separating <f> into its unitary and hermitian parts as 
<j) = U((f)' + M)/\/2 (where <f)' = y/2<ffi<f) — M) and using a gauge transformation with 
this LI' 1 field redefinition. 

For a Gervais-Neveu-type gauge we instead modify the previous gauge-fixing func- 
tion to 

$ = $ + iR 

This choice has the interesting feature of cancelling the scalar self-interaction com- 
pletely (including the mass term), while leaving the ghost terms unmodified from the 
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pure Yang-Mills case. (R is gauge invariant.) The final result for the total lagrangian 
is 

L = L + L^-\m 2 + L c 

= (L A - \M 2 A 2 ) + (<^V 2 </> - i<p<j>y ) + (CV 2 C - iCCV ) 

Since the scalar lagrangian is identical in form to that of the ghosts, they exactly 
cancel in loops to all orders. Note that both the scalars and the ghosts in this 
lagrangian are massless, while the vector is massive. This is a reflection of the fact 
that both the scalar and ghost fields describe unphysical polarizations, while the 
vector field describes all the physical ones. This effect is expected from the linearized 
form of the gauge condition: 

w d ■ A + iM<f>' 

so^ = 0=^p-Asa Mcf>' . Then the Feynman rules for this theory of vectors plus 
scalars can be described completely by the lagrangian La — \M 2 A 2 in terms of just 
a vector field. 

Gervais and Neveu used a slightly different analysis that looked more like the 
"i?^" renormalizable gauges that have been used in nonabelian Higgs models. In such 
gauges, one first shifts the Higgs fields by their classical vacuum values, and then 
picks a gauge-fixing term to cancel the scalar- vector mass crossterms. In practice 
such gauges are a waste of time in loop calculations, since (1) the same result can be 
obtained without the shifting and corresponding gauge-fixing modification, since the 
quantum fields are dummy variables, and (2) the shifting and thus the choice of gauge 
has to be done all over again due to quantum corrections to the Higgs vacuum values. 
The easiest way to do gauge fixing in ordinary Higgs models is to use the background 
field method and do all shifting after calculating the effective action. This means 
there is no shifting involved in the renormalizable gauge for the quantum fields, while 
all shifting is done on the background fields, for which one can even use the unitary 
gauge. However, for the present model the modified Gervais-Neveu gauge allows an 
even simpler treatment, since the number of fields is reduced. 

The way that string-inspired complex gauges simplify the massive Yang-Mills 
propagator is analogous to the way string theory simplifies the graviton propagator. 
Both cases can be described as a conformal theory (in four dimensions) coupled to two 
scalars. In the Yang-Mills case, the two scalars are the one eaten by the vector, and 
the physical Higgs scalar; in the gravity case, they are the one eaten by the conformal 
graviton to produce the Einstein graviton, and the physical scalar usually called the 
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"dilaton". (In reality, the conformal compensating scalar eaten by the graviton is 
the true dilaton, since it couples universally to the trace of the energy- momentum 
tensor.) 

3. SUPERSYMMETRY AND RANDOM MATRICES 

The generalization to the supersymmetric case involves replacing the vector with a 
vector multiplet (vector + Weyl spinor), and the scalars (including ghosts) with scalar 
multiplets (complex scalar + Weyl spinor). For the massive case we want to end up 
with just a real scalar superfield, which should contain only physical polarizations. 
This means 8+8 fermionic+bosonic polarizations, while the massless vector and scalar 
multiplets both contain 2+2. Since the real scalar superfield has room for only one 
vector, the counting for the whole superfield is equivalent to that for one vector and 
three scalar multiplets. This result is familiar from background field quantization of 
super Yang-Mills [13], where the ghosts consist of three scalar multiplets, which are 
necessary to cancel the three unphysical scalar multiplet degrees of freedom in the real 
scalar superfield. This result also follows from noting that first quantization of the 
superparticle tells us that only one quarter of the fermionic coordinates are physical 
[14] (half are killed by first-class constraints, and half of the remainder by second-class 
ones), and thus a superfield with arbitrary dependence on all coordinates has the same 
component count as an N=4 superfield, which in this case means N=4 super Yang- 
Mills theory. Similarly, the light-cone superfield for N=4 super Yang-Mills theory [15] 
is a single superfield that is a function of four anticommuting coordinates. N=4 super 
Yang-Mills theory is also described by N=l coupled to three scalar multiplets [16]. 

However, from the bosonic case we know that two of the three scalar multiplets 
must describe the fundamental representation of the gauge group, and of the global 
group: Two multiplets because in the bosonic case we started with twice as many 
scalars as vectors, since the scalars were a complex representation while the vectors 
were a real one. The remaining one scalar multiplet must therefore be a real rep- 
resentation, namely the adjoint. This N=l multiplet structure is the same as that 
for N=2 super Yang-Mills theory coupled to a single N=2 scalar multiplet [16] in 
the fundament alx fundamental representation of the two U(n)'s. We therefore con- 
sider this N=2 supersymmetric theory, with the mass scale introduced by an N=2 
Fayet-Iliopoulos term: 

L = f d 2 9 W 2 + / d 4 9 (e-^oe^o + ^+e v ' <f>+ + <M~^-) 
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+ 



d 2 e <M<M- - W 2 ) + h - c - 



where W 2 = \W a W ai W a = id 2 e~ v d a e v , V is hermitian, and the three </>'s are 
chiral. The linear <f> term, plus its complex conjugate, is equivalent to the usual N=l 
Fayet-Iliopoulos term J d 4 9 V by N=2 supersymmetry: These three terms are the 
triplet of auxiliary fields for the N=2 vector multiplet under the internal SU(2) of the 
N=2 supersymmetry. We find our particular choice from these three terms the most 
convenient for gauge fixing. This action also directly corresponds to a six-dimensional 
N=l supersymmetric one. 

The gauge-fixing terms for the supersymmetrized Gervais-Neveu-type gauge are 
L 1= f d 2 9 x{d 2 e- V + <P )+ I d 2 9 x{d 2 e v + <£„) 



where \ 1S a chiral Lagrange multiplier. The two terms are not complex conjugates, 
just as the bosonic L\ was not real. They break invariance under charge conjugation 
V — > —V T , cj)Q — > c/)q , (f)± — > c/)^-. However, they preserve parity invariance V — > —V, 
<t>o ^ ^o, <j>± ^ <j>^f, d <->■ d. (The same is true for both invariances in the bosonic 
case.) The linear V terms in the expansion of the exponentials contain the d ■ A part 
of the bosonic Gervais-Neveu gauges, and the V 2 terms contain the A 2 terms. The 
corresponding ghost terms can be written as 

L c = J d 4 9 (0e v C + Ce~ v C) + (^ j d 2 9 C<f> C + h.c)j 

where we have used the equation of motion for <f> implied by the Lagrange multiplier. 
These terms are identical to the terms for <f>± under the identification 



(C,C,C,C) 



Thus, we again can drop all terms involving the N=2 scalar ghost multiplet (C, C) 
as well as the N=2 scalar matter multiplet <f>±, while keeping all terms involving the 
N=2 vector multiplet (V, </> ), but <f> is determined in terms of V after eliminating 
the Lagrange multiplier \ by its equation of motion. The net result is then 

L = j d 2 9W 2 + j d 4 9 [e- v (d 2 e v )e v d 2 e- v + \M 2 (e v + e~ v )] 

We can further simplify the action by the field redefinition 

e v - 1 + V 
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(This is legal at least for purposes of perturbation theory.) This also simplifies the 
gauge tranformation law of V: Previously it was nonpolynomial for V, but simply 
Se v = iAe v — e v iA in terms of e v . Now it is just 

SV = i(A - A) + i(AV - VA) 

which is very similar to the bosonic transformation, having just abelian and homoge- 
neous terms. The lagrangian now becomes 



l= d 4 e 



1 1 :{d a V)d 2 — i— d a V + — i— [d 2 V){l + V)d 2 1 



2 1 + V X ! 1 + V 1 + V X /v ! 1 + V 

This redefinition has no effect on the kinetic term, but simplifies the three-point 
vertex by replacing a □ with an M 2 . The kinetic term is the expected 

-\ j d 4 e v{n - m 2 )v 

The three-point vertex 

j d 4 [-±M 2 V 3 + {d"V)Vid a ^d a V\ 

has the important simplification that the number of spinor derivatives has been re- 
duced from four to two. This is the best one can expect, since otherwise (with no cf s) 
the one-loop four-point function would be trivial. Also, two cf s are needed to give the 
bosonic AAdA term, since A appears at quadratic order in 6 in V . Unfortunately, by 
the same argument, the four-point function must have a d 4 term to give the bosonic 
A 4 term. However, the three-point vertex may be sufficient for the large-n expansion, 
since for the bosonic string the result was independent of the form of the potential. 
(Conversely, we know that, when deriving a field theory from the low-energy limit of 
string amplitudes, the three-point vertex follows straightforwardly, while higher-point 
vertices follow from just the three-point string vertex by contractions of propagators.) 

An important difference of the three-point vertex from the bosonic case is that, 
although the mass-independent part of the vertex has been simplified again from two 
terms to one, there is now also a mass-dependent term with no derivatives. Such a 
term is in fact required for a random matrix model interpretation [9,10]: Upon obtain- 
ing second-quantized Feynman rules by latticizing the first-quantized string action, 
both the vertex operator (which comes from the string action's Wess-Zumino term) 
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and the propagator (which comes from the rest) appear as exponentials, simply be- 
cause the string action itself does. (An individual second-quantized Feynman diagram 
corresponds to a particular geometry for the world-sheet lattice, and therefore to the 
entire exponential of the first-quantized string action, although it also corresponds 
to a single term in the expansion of the exponential of a different, second-quantized 
action.) Thus the two terms in the cubic interaction, just as the two parts of the 
kinetic term, are treated as the first two terms in the expansion of an exponential. 

The next step would be to find explicitly the gauge-invariant, continuum world- 
sheet action that gives this propagator and vertex upon random-lattice quantization. 
Since the vertex operator has three derivatives, it corresponds to a gauge-fixed Wess- 
Zumino term of world-sheet conformal dimension three. (Each derivative corresponds 
to a vector current on the world-sheet.) In an earlier paper [10] we considered a slightly 
modified form of the Green-Schwarz superstring, and derived a random matrix model 
without gauge fixing. The result was similar to the present one except that, in addition 
to the usual 6 coordinate, there was an anticommuting spinor coordinate <f> (and its 
derivative u). The dependence on this coordinate should have been determined by 
gauge fixing of the corresponding invariance in the string action. In addition, the usual 
k gauge invariance had not been fixed, which would have reduced the components 
of 6 by a factor of two. The derivative term in the three-point vertex was of the 
form [V, cuVJJV. By comparison with the present action, we see that agreement 
might be obtained if (1) we start with a 4D N=2 string action and fix n symmetry 
by reducing 6 to N=l, and (2) we fix u ~ j)d. (Compare this to the quantum- 
mechanical relation [p } d] ~ u.) Because of the asymmetry of our new three-point 
vertex in d and d, it is clear that the world-sheet gauge-fixing conditions must also 
be complex. (An alternative might be to try and derive this model by gauge fixing 
Berkovits' modification of the Green-Schwarz action, which is specialized to the N=l 
supersymmetry of four dimensions [17]. A messier alternative would be to quantize 
the Green-Schwarz string by gauge fixing the n symmetry with an infinite pyramid 
of ghosts, which would appear as coordinates of the random matrix field.) 

4. CONFORMAL STRINGS? 

Although the superfield V has the same spin content as N=4 super Yang-Mills 
theory, it describes an N=2 theory that is not conformally invariant. In particular, the 
U(l) factor of the U(n) group is not even asymptotically free, but perhaps it becomes 
unimportant in the large-n limit. It would be interesting if a string theory could be 
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derived from a conformally invariant theory, perhaps up to mass terms that break the 
invariance only at low energy. (This might correspond to a string mechanics action 
whose dominant term was also spacetime-conformally invariant [18].) In particular, 
we note that N=4 super Yang-Mills theory is the same in the large-n limit as any 
conformal theory; i.e., as any conformal combination of N=2 super Yang-Mills with 
N=2 matter multiplets. 

Because of the n-dependence of the dimensionality of U(n) representations for 
large n, there are only three possibilities of matter-multipet representations to con- 
sider: (1) 2n fundamental representations (twice as many as used in the model above), 
(2) one adjoint representation, which is the same theory as N=4, and (3) one sym- 
metric plus antisymmetric second-rank tensor representation, i.e., the direct prodcut 
of two fundamental representations. (We can also separate the symmetric and anti- 
symmetric tensors, and in the large-n limit this is effectively the same as taking half 
the combined multiplet. Then we can double either multiplet, or add approximately 
n fundamental representations. These cases are effectively the same as taking lin- 
ear combinations of the other cases, and will not be discussed separately.) In terms 
of Chan-Paton factors, the group theory factors of their propagators are described 
graphically respectively by: (1) a solid (color) line and a broken (flavor) line, (2) two 
solid lines oriented in opposite directions (as indicated by arrows), and (3) two solid 
lines oriented in the same direction. 

We consider integrating out all the matter multiplets first. All the theories are 
described by N=2 super Yang-Mills fields minimally coupled to N=2 matter multiplets 
that have no self-interactions, so it is sufficient to compare graphs with one matter 
loop and an arbitrary number of external N=2 Yang-Mills lines. This results in an 
action that includes the classical N=2 Yang-Mills action plus the effective term from 
this one-loop determinant. The three cases of matter multiplets differ only in the 
group theory. In all cases the relevant graphs, to leading order in 1/n, are of the form 




(Graphs lower order in n have N=2 Yang-Mills lines emerging from both the inside 
and outside of the loop, so there is no continuous circle to give a factor of n.) In the 



12 



case where the matter multiplet is in the adjoint representation, the broken lines are 
replaced with solid ones. In the tensor case, the same is true, but the direction of the 
arrow is reversed. The two diagrams are related by charge conjugation, i.e., reversing 
the direction of the arrows. We have chosen to orient the diagrams (and thus the 
world-sheet they define) by choosing all N=2 Yang-Mills lines to go counter-clockwise 
around the adjacent holes. In the case of the fundamental representation, we have 
double-counted, since the N=2 gluons couple to only one of the two lines. 

In N=l notation, if we take all external lines to be N=l Yang-Mills multiplets, 
then in the left diagram all external factors are (e v — l)'s, while in the right they 
are (e~ v — l)'s. For the fundamental representation, in the notation used above, the 
left diagram represents the cf> + loop, while the right diagram represents the <f>_ loop. 
Similar remarks apply for the tensor representation, but with a factor of two from 
coupling to either line. (It has the couplings e v (f>+e v (f) + + </>_e _1/ (A_e _1/ .) For the 
adjoint representation, both diagrams contribute for the same N=l matter multiplet, 
as for the <f> part of the N=2 Yang-Mills multiplet, but there are two such N=l 
multiplets in the N=2 multiplet, so there is again a factor of two relative to the 
fundamental representation. The result for the three cases (to leading order in 1/n) 
is thus identical (with the number of flavors 2n for the fundamental case). They are 
also the cases that are finite [19] to leading order in 1/n, i.e., for the SU(n) subgroup 
of U(n). We thus have a kind of "universality" for finite theories. 

We can also conjecture on the effects conformal invariance and finiteness have on 
the couplings in the corresponding string theory. Since conformal theories are (prob- 
ably) self-dual under electric-magnetic duality when replacing the coupling with its 
inverse [20], there is an exact self-duality when the coupling constant is unity. (The 
coupling is defined as ng 2 /Air in the conventions of matrix models and large-n expan- 
sion of Yang-Mills fields, which use the normalization of the fundamental represen- 
tation, versus the g 2 /47r used in the adjoint representation.) This value of the super 
Yang-Mills coupling corresponds to vanishing of the world-sheet cosmological constant 
in the string mechanics action = — ^/ra(n<7o/47r)). If this exact duality invariance 
is preserved quantum mechanically, so both the bare and renormalized string cosmo- 
logical constant vanish, then the string coupling constant is also unrenormalized, and 
can be identified exactly with the quantized value 1/n. 

Another interesting topic is the appearance of bound-state gravity. Although 
the graviton, as part of the closed string, naively appears as a bound state in open 
string field theory, it already appears in the free theory [21], so there is no dynamical 
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mechanism involved. On the other hand, when strings are treated as bound states 
ol random matrix models, the mechanism is nontrivial, requiring an infinite summa- 
tion of graphs. Thus, random matrix models can be considered as quantum theories 
of gravity in terms of only a finite number of fields. Of course, such an interpreta- 
tion requires a string with massless states. In terms of the random matrix model, 
this just means that the Liouville mode decouples, and so requires that the unrenor- 
malized and renormalized string cosmological constants vanish, which may require a 
conformal theory. Bound-state gravity is expected to arise naturally from conformal 
theories [22]. There is evidence from Reggeization arguments to suggest that such a 
phenomenon may occur in four-dimensional N=4 Yang-Mills theory [23]. 
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